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Abstract. We give examples of composition operators CΦ on H2(D2) showing
that the condition ‖Φ‖∞ = 1 is not sufficient for their approximation numbers
an(CΦ) to satisfy limn→∞[an(CΦ)]1/
√
n = 1, contrary to the 1-dimensional case.
We also give a situation where this implication holds. We make a link with the
Monge-Ampère capacity of the image of Φ.
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1 Introduction and notation
1.1 Introduction
The purpose of this paper is to continue the study of composition operators
on the polydisk initiated in [2], and in particular to examine to what extent one
of the main results of [21] still holds.
Let H be a Hilbert space and T : H → H a bounded operator. Recall that
the approximation numbers of T are defined as:
an(T ) = inf
rankR<n
‖T −R‖ , n ≥ 1 ,
and we have:
‖T ‖ = a1(T ) ≥ a2(T ) ≥ · · · ≥ an(T ) ≥ · · ·
The operator T is compact if and only if an(T ) −→
n→∞
0.
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For d ≥ 1, we define:
{
β−d (T ) = lim infn→∞
[
and(T )
]1/n
β+d (T ) = lim sup
n→∞
[
and(T )
]1/n
We have:
0 ≤ β−d (T ) ≤ β+d (T ) ≤ 1 ,
and we simply write βd(T ) in case of equality.
It may well happen in general (consider diagonal operators) that β−d (T ) = 0
and β+d (T ) = 1.
When H = H2(D) is the Hardy space on the open unit disk D of C, and
T = CΦ is a composition operator, with Φ: D → D a non-constant analytic
function, we always have ([19]):
β−1 (CΦ) > 0 ,
and one of the main results of [19] is the equivalence:
(1.1) β+1 (CΦ) < 1 ⇐⇒ ‖Φ‖∞ < 1 .
An alternative proof was given in [21], as a consequence of a so-called “spectral
radius formula”, which moreover shows that:
β−1 (CΦ) = β
+
1 (CΦ) .
In [2], for d ≥ 2, it is proved that, for a bounded symmetric domain Ω ⊆
Cd, if Φ: Ω → Ω is analytic, such that Φ(Ω) has a non-void interior, and the
composition operator CΦ : H2(Ω)→ H2(Ω) is compact, then:
β−d (CΦ) > 0 .
On the other hand, if Ω is a product of balls, then:
‖Φ‖∞ < 1 =⇒ β+d (CΦ) < 1 .
We do not know whether the converse holds and the purpose of this paper is to
study some examples towards an answer.
The paper is organized as follows. Section 1 is this short introduction, as
well as some notations and definitions on singular numbers of operators and
Hardy spaces of the polydisk to follow. Section 2 contains preliminary results
on weighted composition operators in one variable, which surprisingly play an
important role in the study of non-weighted composition operators in two vari-
ables. Section 3 studies the case of symbols with “separated” variables. Our
main one variable result extends in this case. Section 4 studies the “glued case”
Φ(z1, z2) =
(
φ(z1), φ(z1)
)
for which even boundedness is an issue. Here, the
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Bergman space B2(D) enters the picture. Section 5 studies the case of “triangu-
larly separated” variables. This section lets direct Hilbertian sums of weighted
composition operators in one variable appear, and it contains our main result:
an example of a symbol Φ satisfying ‖Φ‖∞ = 1 and yet β+2 (CΦ) < 1. The
final Section 6 discusses the role of the Monge-Ampère pluricapacity, which is
a multivariate extension of the Green capacity in the disk. Even though, as
evidenced by our counterexample of Section 5, this capacity will not capture
all the behavior of the parameter βm(CΦ), some partial results are obtained,
relying on theorems of S. Nivoche and V. Zakharyuta.
1.2 Notation
We denote by D the open unit disk of the complex plane and by T its
boundary, the 1-dimensional torus.
The Hardy space H2(Dd) is the space of holomorphic functions f : Dd → C
whose boundary values f∗ on Td are square-integrable with respect to the Haar
measure md of Td, and normed with:
‖f‖22 = ‖f‖2H2(Dd) =
∫
Td
|f∗(ξ1, . . . , ξd)|2 dmd(ξ1, . . . , ξd) .
If f(z1, . . . , zd) =
∑
α1,...,αd≥0 aα1,...,αd z
α1
1 · · · zαdd , then:
‖f‖22 =
∑
α1,...,αd≥0
|aα1,...,αd |2 .
We say that an analytic map Φ: Dd → Dd is a symbol if its associated
composition operator CΦ : H2(Dd) → H2(Dd), defined by CΦ(f) = f ◦ Φ, is
bounded.
We say that Φ is truly d-dimensional if Φ(Dd) has a non-void interior.
We will make use of two kinds of symbols defined on D.
The lens map λθ : D→ D is defined, for θ ∈ (0, 1), by:
(1.2) λθ(z) =
(1 + z)θ − (1 − z)θ
(1 + z)θ + (1 − z)θ
(see [26], p. 27, or [16], for more information), and corresponds to u 7→ uθ in
the right half-plane.
The cusp map χ : D→ D was first defined in [15] and in a slightly different
form in [20]; we actually use here the modified form introduced in [17], and then
used in [18]. We first define:
χ0(z) =
( z − i
iz − 1
)1/2
− i
−i
( z − i
iz − 1
)1/2
+ 1
;
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we note that χ0(1) = 0, χ0(−1) = 1, χ0(i) = −i, χ0(−i) = i, and χ0(0) =
√
2−1.
Then we set:
χ1(z) = logχ0(z), χ2(z) = − 2
pi
χ1(z) + 1, χ3(z) =
a
χ2(z)
,
and finally:
χ(z) = 1− χ3(z) ,
where:
(1.3) a = 1− 2
pi
log(
√
2− 1) ∈ (1, 2)
is chosen in order that χ(0) = 0. The image Ω of the (univalent) cusp map is
formed by the intersection of the inside of the disk D
(
1− a2 ,a2
)
and the outside
of the two disks D
(
1 + ia2 ,
a
2
)
and D
(
1− ia2 ,a2
)·
Besides the approximation numbers, we need other singular numbers for an
operator S : X → Y between Banach spaces X and Y .
The Bernstein numbers bn(S), n ≥ 1, which are defined by:
(1.4) bn(S) = sup
E
min
x∈SE
‖Sx‖ ,
where the supremum is taken over all n-dimensional subspaces of X and SE is
the unit sphere of E.
The Gelfand numbers cn(S), n ≥ 1, which are defined by:
(1.5) cn(S) = inf{‖S|M‖ ; codimM < n} .
The Kolmogorov numbers dn(S), n ≥ 1, which are defined by:
(1.6) dn(S) = inf
dimE<n
[
sup
x∈BX
dist (Sx,E)
]
.
Pietsch showed that all s-numbers on Hilbert spaces are equal (see [24], § 2,
Corollary, or [25], Theorem 11.3.4); hence:
(1.7) an(S) = bn(S) = cn(S) = dn(S) .
We denote m the normalized Lebesgue measure on T = ∂D. If ϕ : D → D,
mϕ is the pull-back measure on D defined by mϕ(E) = m[ϕ∗−1(E)], where ϕ∗
stands for the non-tangential boundary values of ϕ.
The notation A . B means that A ≤ C B for some positive constant C and
we write A ≈ B if we have both A . B and B . A.
4
2 Preliminary results on weighted composition
operators on H2(D)
We see in this section that the presence of a “rapidly decaying” weight allows
simpler estimates for the approximation numbers of a corresponding weighted
composition operator. Such a study, but a bit different, is made in [14].
Let ϕ : D → D a non-constant analytic self-map in the disk algebra A(D)
such that, for some constant C > 1 and for all z ∈ D:
(2.1) ϕ(1) = 1 , |1 − ϕ(z)| ≤ 1 , |1− ϕ(z)| ≤ C (1− |ϕ(z)|)
as well as ϕ(z) 6= 1 for z 6= 1. We can take for example ϕ = 1+λθ2 where λθ is
the lens map with parameter θ.
Let w ∈ H∞ and let T be the weighted composition operator
T =Mw◦ϕCϕ : H2 → H2 .
Note that Mw◦ϕCϕ = CϕMw. We first show that:
Theorem 2.1. Let T =Mw◦ϕCϕ : H2 → H2 be as above and let B be a Blaschke
product with length < N . Then, with the implied constant depending only on
the number C in (2.1) (and of ϕ):
aN (T ) . sup
|z−1|≤1, z∈ϕ(D)
|B(z)| |w(z)| .
Proof. The following preliminary observation (see also [16], p. 809), in which
we denote by S(ξ, h) = {z ∈ D ; |z − ξ| ≤ h} the Carleson window with center
ξ ∈ T and size h, and by Kϕ the support of the pull-back measure mϕ, will be
useful.
(2.2) u ∈ S(ξ, h) ∩Kϕ =⇒ u ∈ S(1, Ch) ∩Kϕ .
Indeed, if |u− ξ| ≤ h and u ∈ Kϕ, (2.1) implies:
1− |u| ≤ |u− ξ| ≤ h and |u− 1| ≤ C(1 − |u|) ≤ Ch .
Set E = BH2. This is a subspace of codimension < N . If f = Bg ∈ E, with
‖g‖ = ‖f‖ (isometric division by B in BH2), we have Tf = (wBg) ◦ϕ, whence:
‖T (f)‖2 =
∫
D
|B|2|w|2|g|2dmϕ ,
implying ‖T (f)‖2 ≤ ‖f‖2‖J‖2 where J : H2 → L2(σ) is the natural embedding
and where
σ = |B|2|w|2dmϕ .
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Now, Carleson’s embedding theorem for the measure σ and (2.2) show that (the
implied constants being absolute):
‖J‖2 . sup
ξ∈T, 0<h<1
1
h
∫
S(ξ,h)∩Kϕ
|B|2|w|2dmϕ
. sup
0<h<1
1
h
∫
S(1,Ch)∩Kϕ
|B|2|w|2dmϕ
.
(
sup
|z−1|≤1, z∈ϕ(D)
|B(z)|2|w(z)|2
)(
sup
0<h<1
1
h
∫
S(1,Ch)∩Kϕ
dmϕ
)
. sup
|z−1|≤1, z∈ϕ(D)
|B(z)|2|w(z)|2 ,
since mϕ is a Carleson measure for H2 and where we used that, according to
(2.1):
Kϕ ⊆ ϕ(D) ⊆ {z ∈ D ; |z − 1| ≤ 1} .
This ends the proof of Theorem 2.1 with help of the equality of aN(T ) with
the Gelfand number cN (T ) recalled in (1.7).
In order to specialize efficiently the general Theorem 2.1, we recall the fol-
lowing simple Lemma 2.3 of [16], where:
(2.3) ρ(a, b) =
∣∣∣∣ a− b1− a¯b
∣∣∣∣ , a, b ∈ D ,
is the pseudo-hyperbolic distance:
Lemma 2.2 ([16]). Let a, b ∈ D such that |a−b| ≤ Lmin(1−|a|, 1−|b|). Then:
ρ(a, b) ≤ L√
L2 + 1
=: κ < 1 .
We can now state:
Theorem 2.3. Assume that ϕ is as in (2.1) and that the weight w satisfies, for
some parameters 0 < θ ≤ 1 and R > 0:
|w(z)| ≤ exp
(
− R|1− z|θ
)
, ∀z ∈ D with Re z ≥ 0 .
Then, the approximation numbers of T =Mw◦ϕCϕ satisfy:
anm+1(T ) . max
[
exp(−an), exp(−R 2mθ)] ,
for all integers n,m ≥ 1, where a = log[√16C2 + 1/(4C)] > 0 and C is as in
(2.1).
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Proof. Let pl = 1− 2−l, 0 ≤ l < m and let B be the Blaschke product:
B(z) =
∏
0≤l<m
(
z − pl
1− plz
)n
.
Let z ∈ Kϕ ∩ D so that 0 < |z − 1| ≤ 1. Let l be the non-negative integer such
that 2−l−1 < |z − 1| ≤ 2−l. We separate two cases:
Case 1: l ≥ m. Then, the weight does the job. Indeed, majorizing |B(z)| by 1
and using the assumption on w, we get:
|B(z)|2|w(z)|2 ≤ |w(z)|2 ≤ exp
(
− 2R|1− z|θ
)
≤ exp(−2R 2lθ) ≤ exp(−2R 2mθ) .
Case 2: l < m. Then, the Blaschke product does the job. Indeed, majorize |w(z)|
by 1 and estimate |B(z))| more accurately with help of Lemma 2.2; we observe
that
|z − pl| ≤ |z − 1|+ 1− pl ≤ 2× 2−l = 2(1− pl) ≤ 4C(1− pl)
and then, since z ∈ Kϕ, we can write with C ≥ 1 as in (2.1):
1− |z| ≥ 1
C
|1− z| ≥ 1
2C
2−l ≥ 1
4C
|z − pl| ,
so that the assumptions of Lemma 2.2 are verified with L = 4C, giving:
ρ(z, pl) ≤ 4C√
16C2 + 1
= exp(−a) < 1 .
Hence, by definition, since l < m:
|B(z)| ≤ [ρ(z, pl)]n ≤ exp(−an) .
Putting both cases together, and observing that our Blaschke product has
length nm < nm + 1, we get the result by applying Theorem 2.1 with N =
nm+ 1.
2.1 Some remarks
1. Twisting a composition operator by a weight may improve the compact-
ness of this composition operator, or even may make this weighted composition
operator compact though the non-weighted was not (see [8] or [14]). However,
this is not possible for all symbols, as seen in the following proposition.
Proposition 2.4. Let w ∈ H∞. If ϕ is inner, or more generally if |ϕ| = 1 on
a subset of T of positive measure, then Mw Cϕ is never compact (unless w ≡ 0).
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Proof. Indeed, suppose T = Mw Cϕ compact. Since (zn)n converges weakly to
0 in H2 and since T (zn) = wϕn, we should have, since |ϕ| = 1 on E, with
m(E) > 0:∫
E
|w|2 dm =
∫
E
|w|2|ϕ|2n dm ≤
∫
T
|w|2|ϕ|2n dm = ‖T (zn)‖2 −→
n→∞
0 ,
but this would imply that w is null a.e. on E and hence w ≡ 0 (see [7],
Theorem 2.2), which was excluded.
Note that É. Amar and A. Lederer proved in [1] that |ϕ| = 1 on a set of
positive measure if and only if ϕ is an exposed point of of the unit ball of H∞;
hence the following proposition can be viewed as the (almost) opposite case.
Proposition 2.5. Let ϕ : D→ D such that ‖ϕ‖∞ = 1. Assume that:∫
T
log(1− |ϕ|) dm > −∞
(meaning that ϕ is not an extreme point of the unit ball of H∞: see [7], Theo-
rem 7.9). Then, if w is an outer function such that |w| = 1− |ϕ|, the weighted
composition operator T =MwCϕ is Hilbert-Schmidt.
Proof. We have:
∞∑
n=0
‖T (zn)‖2 =
∞∑
n=0
∫
T
(1− |ϕ|)2|ϕ|2n dm =
∫
T
1− |ϕ|
1 + |ϕ| dm < +∞ ,
and T is Hilbert-Schmidt, as claimed.
2. In [14], Theorem 2.5, it is proved that we always have, for some constants
δ, ρ > 0:
(2.4) an(MwCϕ) ≥ δ ρn , n = 1, 2, . . .
(if w 6≡ 0). We give here an alternative proof, based on a result of Gunatillake
([9]), this result holding in a wider context.
Theorem 2.6 (Gunatillake). Let T = MwCϕ be a compact weighted compo-
sition operator on H2 and assume that ϕ has a fixed point a ∈ D. Then the
spectrum of T is the set:
σ(T ) = {0, w(a), w(a)ϕ′(a), w(a) [ϕ′(a)]2, . . . , w(a) [ϕ′(a)]n, . . .}
Proof of (2.4). First observe that, in view of Proposition 2.4, ϕ cannot be an
automorphism of D so that the point a is the Denjoy-Wolff point of ϕ and is
attractive. Theorem 2.6 is interesting only when w(a)ϕ′(a) 6= 0.
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Now, we can give a new proof Theorem 2.5 of [14] as follows. Let a ∈ D
be such that w(a)ϕ′(a) 6= 0 (H(D) is a division ring and ϕ′ 6≡ 0, w 6≡ 0). Let
b = ϕ(a) and τ ∈ AutD with τ(b) = a. We set:
ψ = τ ◦ ϕ and S =MwCψ = TCτ .
This operator S is compact because T is.
Since ψ(a) = a and ψ′(a) = τ ′(b)ϕ′(a) 6= 0, Theorem 2.6 says that the
non-zero eigenvalues of S, arranged in non-increasing order, are the numbers
λn = w(a) [ψ
′(a)]n−1, n ≥ 1. As a consequence of Weyl’s inequalities, we know
that:
a1(S) an(S) ≥ |λ2n|2 ≥ δ ρn ,
with:
δ = |w(a)|2 > 0 and ρ = |ψ′(a)|4 > 0 .
To finish, it is enough to observe that an(S) ≤ an(T ) ‖Cτ‖ by the ideal property
of approximation numbers.
3 The splitted case
Theorem 3.1. Let Φ = (φ, ψ) : Dd → Dd be a truly d-dimensional symbol with
φ : D → D depending only on z1 and ψ : Dd−1 → Dd−1 only on z2, . . . , zd, i.e.
Φ(z1, z2, . . . , zd) =
(
φ(z1), ψ(z2, . . . , zd)
)
. Then, whatever ψ behaves:
‖φ‖∞ = 1 =⇒ βd(CΦ) = 1 .
Proof. The proof is based on the following simple lemma, certainly well-known.
Lemma 3.2. Let S : H1 → H1 and T : H2 → H2 be two compact linear oper-
ators, where H1 and H2 are Hilbert spaces. Let S ⊗ T be their tensor product,
acting on the tensor product H1 ⊗H2. Then:
amn(S ⊗ T ) ≥ am(S) an(T )
for all positive integers m,n.
We postpone the proof of the lemma and show how to conclude.
We can assume CΦ to be compact, so that Cφ is compact as well. Since
‖φ‖∞ = 1, we have, thanks to (1.1) :
am(Cφ) ≥ e−mεm with εm −→
m→∞
0 .
Replacing εm by δm := supp≥m εp, we can assume that (εm)m is non-increasing.
Moreover,
mεm →∞
9
since Cφ is compact and hence am(Cφ) −→
m→∞
0. We next observe that, due to
the separation of variables in the definition of φ and ψ, we can write:
(3.1) CΦ = Cφ ⊗ Cψ .
Indeed, write z = (z1, w) with z1 ∈ D and w ∈ Dd−1. If f ∈ H2(D) and
g ∈ H2(Dd−1), we see that:
CΦ(f ⊗ g)(z) = (f ⊗ g)
(
φ(z1), ψ(w)
)
= f
(
φ(z1)
)
g
(
ψ(w)
)
= [Cφf(z1)] [Cψg(w)] = (Cφf ⊗ Cψg)(z) .
Since tensor products f ⊗ g generate H2(Dd) = H2(D)⊗H2(Dd−1), this proves
(3.1).
Let now m be a large positive integer. Set ([ . ] stands for the integer part):
(3.2) nm = [mεm]
d−1 and Nm = mnm .
From what we know in dimension d − 1 (see [2], Theorem 3.1) and from the
preceding, we can write (observe that ψ has to be truly (d − 1)-dimensional
since Φ is truly d-dimensional):
am(Cφ) ≥ exp(−mεm) and an(Cψ) ≥ a exp(−C n1/(d−1)) ,
for some positive constant C, which will be allowed to vary from one formula
to another. Lemma 3.2 implies:
aNm(CΦ) ≥ a exp[−C (mεm + nm1/(d−1))] .
Since nm . (mεm)d−1, we get:
aNm(CΦ) ≥ a exp(−Cmεm) .
Observe that Nm = mnm ∼ mdεmd−1 and so Nm1/d ∼ mεm1−1/d. As a
consequence:
aNm(CΦ) ≥ a exp(−Cmεm) = a exp
[− (C εm1/d) (mεm1−1/d)]
≥ a exp(−ηmNm1/d)
with ηm := C εm1/d.
Now, for N > N1, let m be the smallest integer satisfying Nm ≥ N (so that
Nm−1 < N ≤ Nm), and set δN = ηm. We have limN→∞ δN = 0. Next, we note
that limm→∞Nm/Nm−1 = 1, because Nm ≥ Nm−1 and:
Nm
Nm−1
≤ m
m− 1
(
mεm + 1
(m− 1) εm−1
)d−1
∼
(
εm
εm−1
)d−1
≤ 1 .
Finally, if N is an arbitrary integer and Nm−1 < N ≤ Nm, we obtain:
aN (CΦ) ≥ aNm(CΦ) ≥ a exp(−ηmNm1/d) ≥ a exp(−C δNN1/d) ,
since we observed that limm→∞Nm/Nm−1 = 1.
This amounts to say that βd(CΦ) = 1.
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Proof of Lemma 3.2. It is rather formal. Start from the Schmidt decomposi-
tions of S and T respectively (recall that Hilbert spaces, the approximation
numbers are equal to the singular ones):
S =
∞∑
m=1
am(S)um ⊙ vm , T =
∞∑
n=1
an(T )u
′
n ⊙ v′n ,
where (um), (vm) are two orthonormal sequences ofH1, (u′n), (v
′
n) two orthonor-
mal sequences of H2, and um ⊙ vm and u′n ⊙ v′n denote the rank one operators
defined by (um ⊙ vm)(x) = 〈x, vm〉um, x ∈ H1, and (u′n ⊙ v′n)(x) = 〈x, v′n〉u′n,
x ∈ H2.
We clearly have:
(um ⊙ vm)⊗ (u′n ⊙ v′n) = (um ⊗ u′n)⊙ (vm ⊗ v′n) ,
so that the Schmidt decomposition of S ⊗ T is (with SOT-convergence):
S ⊗ T =
∑
m,n≥1
am(S) an(T ) (um ⊗ u′n)⊙ (vm ⊗ v′n) ,
since the two sequences (um ⊗ u′n)m,n and (vm ⊗ v′n)m,n are orthonormal: for
instance, we have by definition:
〈um1 ⊗ u′n1 , um2 ⊗ u′n2〉 = 〈um1 , um2 , 〉 〈u′n1 , u′n2〉.
This shows that the singular values of S ⊗ T are the non-increasing rear-
rangement of the positive numbers am(S) an(T ) and ends the proof of the
lemma: the mn numbers ak(S) al(T ), for 1 ≤ k ≤ m, 1 ≤ l ≤ n all satisfy
ak(S) al(T ) ≥ am(S) an(T ), so that amn(S ⊗ T ) ≥ am(S) an(T ).
4 The glued case
Here we consider symbols of the form:
(4.1) Φ(z1, z2) =
(
φ(z1), φ(z1)
)
,
where φ : D→ D is a non-constant analytic map.
Note that such maps Φ are not truly 2-dimensional.
4.1 Preliminary
We begin by remarking the following fact.
Let B2(D) be the Bergman space of all analytic functions f : D → C such
that:
‖f‖2B2 :=
∫
D
|f(z)|2 dA(z) <∞ ,
where dA is the normalized area measure on D.
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Proposition 4.1. Assume that the composition operator Cφ maps boundedly
B2(D) into H2(D). Then CΦ : H
2(D2)→ H2(D2), defined by (4.1), is bounded.
Proof. If we write f ∈ H2(D2) as:
f(z1, z2) =
∑
j,k≥0
cj,kz
j
1z
k
2 , with
∑
j,k≥0
|cj,k|2 = ‖f‖2H2 ,
we formally (or assuming that f is a polynomial) have:
[CΦf ](z1, z2) =
∑
j,k≥0
cj,k[φ(z1)]
j [φ(z1)]
k =
∞∑
n=0
( ∑
j+k=n
cj,k
)
[φ(z1)]
n .
Hence, if we set g(z) =
∑∞
n=0
(∑
j+k=n cj,k
)
zn, we get:
[CΦ(f)](z1, z2) = [Cφ(g)](z1) ,
so that, by integrating:
‖CΦ(f)‖H2(D2) = ‖Cφ(g)‖H2(D) .
By hypothesis, there is a positive constant M such that:
‖Cφ(g)‖H2(D) ≤M ‖g‖B2(D) .
But, by the Cauchy-Schwarz inequality:
‖g‖2B2(D) =
∞∑
n=0
1
n+ 1
∣∣∣∣ ∑
j+k=n
cj,k
∣∣∣∣
2
≤
∞∑
n=0
( ∑
j+k=n
|cj,k|2
)
=
∑
j,k≥0
|cj,k|2 = ‖f‖2H2(D2) ,
and we obtain ‖CΦ(f)‖H2(D2) ≤M ‖f‖H2(D2).
4.2 Lens maps
Let λθ be a lens map of parameter θ, 0 < θ < 1. We consider Φθ : D2 → D2
defined by:
(4.2) Φθ(z1, z2) =
(
λθ(z1), λθ(z1)
)
.
We have the following result.
Theorem 4.2. The composition operator CΦθ : H
2(D2)→ H2(D2) is:
1) not bounded for θ > 1/2;
2) bounded, but not compact for θ = 1/2;
3) compact, and even Hilbert-Schmidt, for 0 < θ < 1/2.
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Proof. The reproducing kernel of H2(D2) is, for (a, b) ∈ D2:
(4.3) Ka,b(z1, z2) =
1
1− a¯z1
1
1− b¯z2
, (z1, z2) ∈ D2 ,
and:
‖Ka,b‖2 = 1
(1− |a|2)(1− |b|2) ·
1) If CΦθ were bounded, we should have, for some M <∞:
‖C ∗Φθ (Ka,b)‖H2 ≤M ‖Ka,b‖H2 , for all a, b ∈ D .
Since C ∗Φθ (Ka,b) = KΦθ(a,b) = Kλθ(a),λθ(a), we would get, with b = 0:(
1
1− |λθ(a)|2
)2
≤M2 1
1− |a|2 ;
but this is not possible for θ > 1/2, since 1 − |λθ(a)|2 ≈ 1 − |λθ(a)| ∼ (1 − a)θ
when a goes to 1, with 0 < a < 1.
For 2) and 3), let us consider the pull-back measure mθ of the normalized
Lebesgue measure on T = ∂D by λθ. It is easy to see that:
(4.4) sup
ξ∈T
mθ[D(ξ, h) ∩ D)] = mθ[D(1, h) ∩ D] ≈ h1/θ .
In particular, for θ ≤ 1/2, mθ is a 2-Carleson measure, and hence (see [15], The-
orem 2.1, for example) the canonical injection j : B2(D)→ L2(mθ) is bounded,
meaning that, for some positive constant M <∞:∫
D
|f(z)|2 dmθ(z) ≤M2‖f‖2B2 .
Since ∫
D
|f(z)|2 dmθ(z) =
∫
T
|f [λθ(u)]|2 dm(u) = ‖Cλθ (f)‖2H2 ,
we get that Cλθ maps boundedly B
2(D) into H2(D).
It follows from Proposition 4.1 that CΦθ : H
2(D2)→ H2(D2) is bounded.
However, CΦ1/2 is not compact since C
∗
Φ1/2
(Ka,b)/‖Ka,b‖ does not converge
to 0 as a, b→ 1, by the calculations made in 1).
For 3), let ej,k(z1, z2) = z
j
1z
k
2 , j, k ≥ 0, be the canonical orthonormal basis
of H2(D2); we have [Cφθ (ej,k)](z1, z2) = [λθ(z1)]
j+k. Hence:
∑
j,k≥0
‖Cφθ(ej,k)‖2H2(D2) ≤
∞∑
n=0
(2n+ 1)
∫
T
|λθ|2n dm ≤
∫
T
2
(1− |λθ|2)2 dm .
Since, by Lemma 4.3 below, 1− |λθ(eit)|2 & |1− eit|θ ≥ tθ for |t| ≤ pi/2, we get:
∑
j,k≥0
‖Cφθ (ej,k)‖2H2(D2) .
∫ pi/2
0
dt
t2θ
<∞,
since θ < 1/2. Therefore Cφθ is Hilbert-Schmidt for θ < 1/2.
13
For sake of completeness, we recall the following elementary fact (see [26],
p. 28, or also [16], Lemma 2.5)).
Lemma 4.3. With δ = cos(θpi/2), we have, for |z| ≤ 1 and Re z ≥ 0:
1− |λθ(z)|2 ≥ δ
2
|1− z|θ .
Proof. We can write:
λθ(z) =
1− w
1 + w
with w =
(
1− z
1 + z
)θ
and |w| ≤ 1 .
Then:
Rew ≥ δ |w| ≥ δ
2
|1− z|θ .
Hence:
1− |λθ(z)|2 = 4Rew|1 + w|2 ≥ δ |w| ≥
δ
2
|1− z|θ ,
as announced
We now improve the result 3) of Theorem 4.2 by estimating the approxima-
tion numbers of CΦθ and get that CΦθ is in all Schatten classes of H
2(D2) when
θ < 1/2.
Theorem 4.4. For 0 < θ < 1/2, there exists b = bθ > 0 such that:
(4.5) an(CΦθ ) . e
−b√n .
In particular β+2 (CΦθ ) ≤ e−b < 1, though ‖Φθ‖∞ = 1, and even Φθ(T2)∩T2 6= ∅.
Proof. Proposition 4.1 (and its proof) can be rephrased in the following way: if
Cφ maps boundedly B2(D) into H2(D), then, we have the following factoriza-
tion:
(4.6) CΦ : H2(D2)
J−→B2(D) Cφ−−→H2(D) I−→H2(D2) ,
where I : H2(D) → H2(D2) is the canonical injection given by (If)(z1, z2) =
f(z1) for f ∈ H2(D), and J : H2(D2) → B2(D) is the contractive map defined
by:
(Jf)(z) =
∞∑
n=0
( ∑
j+k=n
cj,k
)
zn ,
for f ∈ H2(D2) with f(z1, z2) =
∑
j,k≥0 cj,kz
j
1z
k
2 .
In the proof of Theorem 4.2, we have seen that, for 0 < θ ≤ 1/2, the
composition operator Cλθ is bounded from B
2(D) into H2(D); we get hence the
factorization:
CΦθ : H
2(D2)
J−→B2(D) Cλθ−−−→H2(D) I−→H2(D2) ,
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Now, the lens maps have a semi-group property:
(4.7) λθ1θ2 = λθ1λθ2 ,
giving Cλθ1θ2 = Cλθ1 ◦ Cλθ2 .
For 0 < θ < 1/2, we therefore can write Cλθ = Cλ2θ ◦ Cλ1/2 (note that
2θ < 1, so Cλ2θ : H
2(D)→ H2(D) is bounded), and we get:
CΦθ = I Cλ2θCλ1/2 J .
Consequently:
an(CΦθ ) ≤ ‖I‖ ‖J‖ ‖Cλ1/2‖B2→H2 an(Cλ2θ ) .
Now, we know ([16], Theorem 2.1) that an(Cλ2θ ) . e
−b√n, so we get that
an(CΦθ ) . e
−b√n.
Remark. In [2], we saw that for a truly 2-dimensional symbol Φ, we have
β−2 (Cφ) > 0. Here the symbol Φθ is not truly 2-dimensional, but we never-
theless have β2(CΦθ ) > 0. In fact, let E = {f ∈ H2(D2) ; ∂f∂z2 ≡ 0}; E is
isometrically isomorphic to H2(D) and the restriction of CΦθ to E behaves as
the 1-dimensional composition operator Cλθ : H
2(D) → H2(D); hence ([19],
Proposition 6.3):
e−b0
√
n . an(Cλθ ) = an(CΦθ |E) ≤ an(CΦθ ) ,
and β−2 (CΦθ ) ≥ e−b0 > 0.
5 Triangularly separated variables
In this section, we consider symbols of the form:
(5.1) Φ(z1, z2) =
(
φ(z1), ψ(z1) z2
)
,
where φ, ψ : D→ D are non-constant analytic maps.
Such maps Φ are truly 2-dimensional.
More generally, if h ∈ H∞, with h(0) = 0 and ‖h‖∞ ≤ 1, has its powers
hk, k ≥ 0, orthogonal in H2 (for convenience, we shall say that h is a Rudin
function), we can consider:
(5.2) Φ(z1, z2) =
(
φ(z1), ψ(z1)h(z2)
)
For such h we can take for example an inner function vanishing at the origin,
but there are other such functions, as shown by C. Bishop:
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Theorem (Bishop [4]). The function h is a Rudin function if and only if the
pull-back measure µ = µh is radial and Jensen, i.e for every Borel set E:
µ(eiθE) = µ(E) and
∫
D
log(1/|z|) dµ(z) <∞ .
Conversely, for every probability measure µ supported by D, which is radial and
Jensen, there exists h in the unit ball of H∞, with h(0) = 0, such that µ = µh.
If we take for µ the Lebesgue measure of T, we get an inner function. But, as
remarked in [4], we can take for µ the Lebesgue measure on the union T∪(1/2)T,
normalized in order that µ(T ) = µ
(
(1/2)T
)
= 1/2. Then the corresponding h
is not inner since |h| = 1/2 on a subset of T of positive measure. He also
showed that h(z)/z may be a non-constant outer function. Also, P. Bourdon
([6]) showed that the powers of h are orthogonal if and only if its Nevanlinna
counting function is almost everywhere constant on each circle centered on the
origin.
5.1 General facts
We first observe that if f ∈ H2(D2) and:
f(z1, z2) =
∑
j,k≥0
cj,k z
j
1z
k
2 ,
then we can write:
f(z1, z2) =
(∑
k≥0
fk(z1)
)
zk2
with:
fk(z1) =
∑
j≥0
cj,k z
j
1 ,
and:
‖f‖2H2(D2) =
∑
j,k≥0
|cj,k|2 =
∑
k≥0
‖fk‖2H2(D) .
That means that we have an isometric isomorphism:
J : H2(D2) −→
∞⊕
k=0
H2(D) ,
defined by Jf = (fk)k≥0.
Now, for symbols Φ as in (5.1), we have:
(CΦf)(z1, z2) =
∑
j,k≥0
cj,k [φ(z1)]
j [ψ(z1)]
kzk2 ,
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so that J CΦ J−1 appears as the operator
⊕
kMψkCφ on
⊕
kH
2(D), whereMψk
is the multiplication operator by ψk:
[(MψkCφ)fk](z1) = [ψ(z1)]
k [(fk ◦ φ)(z1)] .
When Φ is as in (5.2), we have:
(CΦf)(z1, z2) =
∑
j,k≥0
cj,k [φ(z1)]
j [ψ(z1)]
k[h(z2)]
k ,
with:
‖CΦf‖2 ≤
∞∑
k=0
‖Tkfk‖2
and:
Tk =MψkCφ ;
hence J CΦ J−1 appears as pointwise dominated by the operator T = ⊕kTk
on
⊕
kH
2(D). This implies a factorization CΦ = AT with ‖A‖ ≤ 1, so that
an(CΦ) ≤ an(T ) for all n ≥ 1.
We recall the following elementary fact.
Lemma 5.1. Let (Hk)k≥0 be a sequence of Hilbert spaces and Tk : Hk → Hk be
bounded operators. Let H =
⊕∞
k=0Hk and T : H → H defined by Tx = (Tkxk)k.
Then:
1) T is bounded on H if and only if supk ‖Tk‖ <∞;
2) T is compact on H if and only if each Tk is compact and ‖Tk‖ −→
k→∞
0.
Going back to the symbols of the form (5.1), we have ‖Mψk‖ ≤ ‖ψk‖∞ ≤
1, since ‖ψ‖∞ ≤ 1; hence ‖MψkCφ‖ ≤ ‖Cφ‖ and the operator (MψkCφ)k is
bounded on
⊕
kH
2(D). Therefore CΦ is bounded on H2(D2).
For approximation numbers, we have the following two facts.
Lemma 5.2. Let Tk : Hk → Hk be bounded linear operators between Hilbert
spaces Hk, k ≥ 0. Let H =
⊕
kHk and T = (Tk)k : H → H, assumed to be
compact. Then, for every n1, . . . , nK ≥ 1, and 0 ≤ m1 < · · · < mK , K ≥ 1, we
have:
(5.3) aN (T ) ≥ inf
1≤k≤K
ank(Tmk) ,
where N = n1 + · · ·+ nK .
Proof. We use the Bernstein numbers bn (see (1.4)), which are equal to the
approximation numbers (see (1.7)).
For k = 1, . . . ,K, there is an nk-dimensional subspace Ek of Hmk such that:
bnk(Tmk) ≤ ‖Tmkx‖ , for all x ∈ SEk .
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Then E =
⊕K
k=1Ek is an N -dimensional subspace of H and for every x =
(x1, x2, . . .) ∈ E, we have:
‖Tx‖2 =
∑
k≤K
‖Tmkxmk‖2 ≥
∑
k≤K
[bnk(Tmk)]
2 ‖xmk‖2
≥ inf
k≤K
[bnk(Tmk)]
2
∑
k≤K
‖xmk‖2 = inf
k≤K
[bnk(Tmk)]
2‖x‖2 ;
hence bN (T ) ≥ infk≤K bnk(Tmk), and we get the announced result.
Lemma 5.3. Let T =
⊕∞
k=0 Tk acting on a Hilbertian sum H =
⊕∞
k=0Hk.
Let n0, . . . , nK be positive integers and N = n0 + · · · + nK − K. Then, the
approximation numbers of T satisfy:
(5.4) aN(T ) ≤ max
(
max
0≤k≤K
ank(Tk), sup
k>K
‖Tk‖
)
.
Proof. Denote by S the right-hand side of (5.4). Let Rk, 0 ≤ k ≤ K be
operators on Hk of respective rank < nk such that ‖Tk−Rk‖ = ank(Tk) and let
R =
⊕K
k=0 Rk. Then R is an operator of rank ≤ n0 + · · · + nK −K − 1 < N .
If f =
∑∞
k=0 fk ∈ H , we see that:
‖Tf −Rf‖2 =
K∑
k=0
‖Tkfk −Rkfk‖2 +
∑
k>K
‖Tkfk‖2
≤
K∑
k=0
ank(Tk)
2‖fk‖2 +
∑
k>K
‖Tkfk‖2 ≤ S2
∞∑
k=0
‖fk‖2 = S2‖f‖2 ,
hence the result.
We give now two corollaries of Lemma 5.3.
Example 1. We first use lens maps. We get:
Theorem 5.4. Let λθ the lens map of parameter θ and let ψ : D→ D such that
‖ψ‖∞ := c < 1 and h a Rudin function. We consider:
Φ(z1, z2) =
(
λθ(z1), ψ(z1)h(z2)
)
.
Then, for some positive constant β, we have, for all N ≥ 1:
(5.5) aN (CΦ) . e−β N
1/3
.
Proof. Let Tk = MψkCλθ . We have ‖Tk‖ ≤ ck, so supk>K ‖Tk‖ ≤ cK . On the
other hand, we have an(Tk) ≤ ck an(Cλθ ) ≤ an(Cλθ ) . e−βθ
√
n ([16], Theo-
rem 2.1). Taking n0 = n1 = · · · = nK = K2 in Lemma 5.3, we get:
max
0≤k≤K
ank(Tk) . e
−βθK .
Since n0 + · · ·+nK −K ≈ K3, we obtain aK3 . e−βK , which gives the claimed
result, by taking β = max
(
βθ, log(1/c)
)
.
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Example 2. We consider the cusp map χ. We have:
Theorem 5.5. Let χ be the cusp map, h a Rudin function, and ψ in the unit
ball of H∞, with ‖ψ‖∞ := c < 1. Let:
Φ(z1, z2) =
(
χ(z1), ψ(z1)h(z2)
)
.
Then, for positive constant β, we have, for all N ≥ 1:
aN (CΦ) . e
−β
√
N/
√
logN .
Proof. Let Tk = MψkCχ. As above, we have supk>K ‖Tk‖ ≤ cK . For the
cusp map, we have an(Cχ) . e−αn/ logn ([20], Theorem 4.3); hence an(Tk) .
e−αn/ logn. We take n0 = n1 = · · · = nK = K [logK] (where [logK] is the
integer part of logK). Since n0 + · · · + nK ≈ K2[logK], we get, for another
α > 0:
aK2[logK](CΦ) . e
−αK ,
which reads: aN (CΦ) . e−β
√
N/ logN , as claimed.
5.2 Lower bounds
In this subsection, we give lower bounds for approximation numbers of com-
position operators on H2 of the bidisk, attached to a symbol Φ of the previous
form Φ(z1, z2) =
(
φ(z1), ψ(z1)h(z2)
)
where h is a Rudin function. The sharp-
ness of those estimates will be discussed in the next subsection. We first need
some lemmas in dimension one.
Lemma 5.6. Let u, v : D → D be two non-constant analytic self-maps and
T = MvCu : H
2(D) → H2(D) be the associated weighted composition operator.
For 0 < r < 1, we set A = u(rD) and Γ = exp
( − 1/Cap(A)). Then, for
0 < δ ≤ inf |z|=r |v(z)|, we have:
(5.6) an(T ) &
√
1− r δ Γn .
In this lemma, Cap (A) denotes the Green capacity of the compact subset
A ⊆ D (see [21], § 2.3 for the definition).
For the proof, we need the following result ([27], Theorem 7, p. 353).
Theorem 5.7 (Widom). Let A be a compact subset of D and C(A) be the space
of continuous functions on A with its natural norm. Set:
d˜n(A) = inf
E
[
sup
f∈BH∞
dist (f, E)
]
,
where E runs over all (n− 1)-dimensional subspaces of C(A) and dist (f, E) =
infh∈E ‖f − h‖C(A). Then
(5.7) d˜n(A) ≥ α e−n/Cap (A)
for some positive constant α.
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Proof of Lemma 5.6. We apply Theorem 5.7 to the compact set A = u(rD).
Let E be an (n− 1)-dimensional subspace of H2 = H2(D); it can be viewed
as a subspace of C(A), so, by Theorem 5.7, there exists f ∈ H∞ ⊆ H2 with
‖f‖2 ≤ ‖f‖∞ ≤ 1 such that:
‖f − h‖C(A) ≥ αΓn , ∀h ∈ E .
Then:
‖v (f ◦ u− h ◦ u)‖C(rT) ≥ δ ‖(f − h) ◦ u‖C(rT) = δ ‖f − h‖C(A) ≥ α δ Γn .
But:
‖v (f ◦ u− h ◦ u)‖C(rT) ≤ 1√
1− r2 ‖v (f ◦ u− h ◦ u)‖H2 ;
Hence:
‖Tf − Th‖H2 ≥ α
√
1− r2 δ Γn ≥ α√1− r δ Γn .
Since h is an arbitrary function of E, we get (BH2 being the unit ball of H2):
inf
dimE<n
[
sup
f∈BH2
dist
(
Tf, T (E)
)] ≥ α√1− r δ Γn .
But the left-hand side is equal to the Kolmogorov number dn(T ) of T (see
[21], Lemma 3.12), and, as recalled in (1.7), in Hilbert spaces, the Kolmogorov
numbers are equal to the approximation numbers; hence we obtain:
(5.8) an(T ) ≥ α
√
1− r δ Γn , n = 1, 2, . . . ,
as announced.
The next lemma shows that some Blaschke products are far away from 0 on
some circles centered at 0.
We consider a strongly interpolating sequence (zj)j≥1 of D in the sense that,
if εj := 1− |zj |, then:
(5.9) εj+1 ≤ σ εj
and so εj ≤ σj−1ε1, where 0 < σ < 1 is fixed. Equivalently, the sequence
(|zj |)j≥1 is interpolating. We consider the corresponding interpolating Blaschke
product:
(5.10) B(z) =
∞∏
j=1
|zj |
zj
zj − z
1− zjz ·
The following lemma is probably well-known, but we could find no satisfac-
tory reference (see yet [10] for related estimates) and provide a simple proof.
20
Lemma 5.8. Let (zj)j≥1 be a strongly interpolating sequence as in (5.9) and
B the associated Blaschke product (5.10).
Then there exists a sequence rl := 1− ρl such that:
(5.11) C1 σl ≤ ρl ≤ C2 σl ,
where C1, C2 are positive constants, and for which:
(5.12) |z| = rl =⇒ |B(z)| ≥ δ ,
where δ > 0 does not depend on l.
Proof. Let us denote by pl, 1 ≤ pl ≤ l, the biggest integer such that εpl ≥ σl−1ε1.
We separate two cases.
Case 1: εpl ≥ 2 σl−1ε1.
Then, we choose ρl = ασl−1ε1 with α fixed, 1 < α < 2. Since ρ(ξ, ζ) ≥
ρ(|ξ|, |ζ|) for all ξ, ζ ∈ D (recall that ρ is the pseudo-hyperbolic distance on D),
we have the following lower bound for |z| = rl:
|B(z)| =
∞∏
j=1
ρ(z, zj) ≥
∞∏
j=1
ρ(rl, |zj |) =
∏
j≤pl
ρ(rl, |zj|)×
∏
j>pl
ρ(rl, |zj |) := P1×P2 ,
and we estimate P1 and P2 separately.
We first observe that
ρl
εpl
≤ ασ
l−1ε1
2 σl−1ε1
≤ α
2
, and then:
ρl
εj
=
ρl
εpl
εpl
εj
≤ α
2
σpl−j .
The inequality ρ(1 − u, 1− v) ≥ |u−v|(u+v) for 0 < u, v ≤ 1 now gives us:
(5.13) ρ(rl, |zj |) ≥ εj − ρl
εj + ρl
=
1− ρl/εj
1 + ρl/εj
≥ 1− (α/2)σ
pl−j
1 + (α/2)σpl−j
, for j ≤ pl ,
and:
(5.14) P1 ≥
∞∏
k=0
(
1− (α/2)σk
1 + (α/2)σk
)
·
Similarly:
εpl+1
ρl
≤ σ
l−1ε1
ασl−1ε1
≤ 1
α
and:
εj
ρl
≤ 1
α
σj−pl−1 for j > pl ;
so that:
(5.15) ρ(rl, |zj|) ≥ ρl − εj
ρl + εj
=
1− εj/ρl
1 + εj/ρl
≥ 1− α
−1σj−pl−1
1 + α−1σj−pl−1
, for j > pl ,
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and
(5.16) P2 ≥
∞∏
k=0
(
1− α−1σk
1 + α−1σk
)
·
Finally, the condition of lower and upper bound for ρl is fulfilled by construction.
Case 2: εpl ≤ 2 σl−1ε1.
Then, we choose ρl = a εpl with σ < a < 1 fixed. Computations exactly
similar to those of Case 1 give us:
(5.17) |B(z)| ≥
∞∏
k=0
(
1− a σk
1 + a σk
)
×
∞∏
k=0
(
1− a−1σk
1 + a−1σk
)
=: δ > 0 , for |z| = rl .
Moreover, in this case:
a σl−1ε1 ≤ ρl ≤ 2 a σl−1ε1 ,
and the proof is ended.
Now, we have the following estimation.
Theorem 5.9. Let φ, ψ : D → D be two non-constant analytic self-maps and
Φ(z1, z2) =
(
φ(z1), ψ(z1)h(z2)
)
, where h is inner.
Let (rl)l≥1 be an increasing sequence of positive numbers with limit 1 such
that:
inf
|z|=rl
|ψ(z)| ≥ δl > 0 ,
with δl ≤ e−1/Cap (Al), where Al = φ
(
rlD
)
.
Then the approximation numbers aN (CΦ), N ≥ 1, of the composition oper-
ator CΦ : H
2(D2)→ H2(D2) satisfy:
(5.18) aN (CΦ) & sup
l≥1
[√
1− rl exp
(− 8√N√log(1/δl)√log(1/Γl )] ,
where:
(5.19) Γl = e−1/Cap (Al) .
Proof. Since h is inner, the sequence (hk)k≥0 is orthonormal in H2 and hence
an(CΦ) = an(T ) for all n ≥ 1, where T =
⊕∞
k=0 Tk and Tk = MψkCφ. Then
Lemma 5.6 gives:
(5.20) an(Tk) &
√
1− rl δkl Γnl
for all n ≥ 1 and all k ≥ 0.
Let now:
(5.21) pl =
[
log(1/δl)
log(1/Γl)
]
,
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where [ . ] stands for the integer part, and:
(5.22) nk = plk , for k = 1, . . . ,K .
By Lemma 5.2, applied with mk = k (i.e. to H1, . . . , HK), we have, if N =
n1 + · · ·+ nK :
aN(T ) ≥ inf
1≤k≤K
α
√
1− rl δkl Γnl = α
√
1− rl δKl ΓnKl .
But, since pl ≤ log(1/δl)/ log(1/Γl):
δKl Γ
nK
l = exp
[− (K log(1/δl) + plK log(1/Γl))] ≥ exp[−2K log(1/δl)] .
Since:
N = pl
K(K + 1)
2
≥ plK
2
4
≥ K
2
16
log(1/δl)
log(1/Γl)
,
we get:
δKl Γ
nK
l ≥ exp
[− 8√N√log(1/δl)√log(1/Γl)] ,
and the result ensues.
Example 1. We take φ = λθ, a lens map, and ψ = B, a Blaschke product
associated to a strongly regular sequence, as defined in (5.10); then we get:
Theorem 5.10. Let Φ: D2 → D2 be defined by:
Φ(z1, z2) =
(
λθ(z1), c B(z1)h(z2)
)
,
where B is a Blaschke product as in (5.10), 0 < c < 1, and h is an arbitrary
inner function, we have, for some positive constant b, for all N ≥ 1:
(5.23) aN (CΦ) & exp(−bN1/3) = exp(−b
√
N/N1/6) .
In particular β2(CΦ) = β
±
2 (CΦ) = 1.
Remark. We saw in Theorem 5.4 that this is the exact size, since we have:
aN (CΦ) . e
−βN1/3 .
Proof. By Lemma 5.8, there is a sequence of numbers rl ≈ σl such that |B(z)| ≥
δ for |z| = rl, where δ is a positive constant (depending on σ). Since λθ(0) = 0,
we have:
diamρ(Al) ≥ λθ(rl) & 1− (1− rl)θ ;
hence, by [21], Theorem 3.13, we have:
Cap (Al) & log
1
1− rl & l ,
or, equivalently: Γl ≥ e−b/l, some some b > 0. Then (5.18) gives, for all l ≥ 1
(with another b):
aN (CΦ) & exp
[
− b
(
l +
√
N√
l
)]
.
Taking l = N1/3, we get the result.
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Example 2. By taking the cusp instead of a lens map, we obtain a better
result, close to the extremal one.
Theorem 5.11. Let Φ(z1, z2) =
(
χ(z1), c B(z1)h(z2)
)
, where χ is the cusp
map, B a Blaschke product as in (5.10), 0 < c < 1, and h an arbitrary inner
function. Then, for all N ≥ 1:
aN (CΦ) & e
−b
√
N/
√
logN .
In particular β2(CΦ) = 1.
Remark. We saw in Theorem 5.5 that this is the exact size, since we have:
aN (Cφ) . e
−β
√
N/ logN .
Proof. The proof is the same as that of Proposition 5.10, except that, for the
cusp map, we have (note that χ(0) = 0):
diamρ(Al) ≥ χ(rl) .
But when r goes to 1:
1− χ(r) ∼ pi (
√
2− 1)
2
1
log
(
1/(1− r))
(see [20], Lemma 4.2). Hence, by [21], Theorem 3.13, again, we have:
Cap (Al) & log
(
log
(
1/(1− rl)
)
,
so Γl ≥ e−b/ log l. Then, (5.18) gives (with another b):
aN (CΦ) & exp
[
− b
(
l+
√
N√
log l
)]
.
In taking l =
√
N/ logN , we get the announced result.
5.3 Upper bounds
All previous results point in the direction that, if ‖Φ‖∞ = 1, then however
small an(CΦ) is, it will always be larger than α e−βεn
√
n with εn → 0+, as this
is the case in dimension one (with n instead of
√
n). But Theorem 5.12 to
follow shows that we cannot hope, in full generality, to get the same result in
dimension d ≥ 2, and that other phenomena await to be understood. Here is
our main result. It shows that, even for a truly 2-dimensional symbol Φ, we can
have ‖Φ‖∞ = 1 and nevertheless β+2 (CΦ) < 1, in contrast to the 1-dimensional
case where (1.1) holds.
Theorem 5.12. There exist a map Φ: D2 → D2 such that:
1) the composition operator CΦ : H
2(D2)→ H2(D2) is bounded and compact;
2) we have ‖Φ‖∞ = 1 and Φ is truly 2-dimensional, so that β−2 (CΦ) > 0;
3) the singular numbers satisfy an(CΦ) ≤ α e−β
√
n for some positive con-
stants α, β; in particular β+2 (CΦ) < 1.
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Proof. Let 0 < θ < 1 be fixed, and λθ be the corresponding lens map. We set:

φ =
1+ λθ
2
w(z) = exp
[
−
(
1 + z
1− z
)θ ]
ψ = w ◦ φ .
Note that ‖φ‖∞ = 1.
Setting δ = cos(θpi/2) > 0, we have for z ∈ D:
(5.24) |1− φ(z)| = 1
2
|1− λθ(z)| =
∣∣∣∣ (1− z)θ(1− z)θ + (1 + z)θ
∣∣∣∣ ≤ |1− z|θδ ·
Indeed, the argument α of (1± z)θ satisfies |α| ≤ θpi/2 for z ∈ D, and we get:
|(1 − z)θ + (1 + z)θ| ≥ Re [(1− z)θ + (1 + z)θ] ≥ δ(|1 + z|θ + |1− z|θ) ≥ δ .
We also see that φ(D) touches the boundary ∂D only at 1 in a non-tangential
way, meaning that for some constant C > 1:
1− |φ(z)| ≥ 1
C
|1− φ(z)| , ∀z ∈ D .
Now, we have the following two inequalities:
Re z ≥ 0 =⇒ |w(z)| ≤ exp
(
− δ|1− z|θ
)
(5.25)
z ∈ D =⇒ |ψ(z)| ≤ exp
(
− δ
2
|1− z|θ2
)
.(5.26)
Indeed, with S(z) =
(
1+z
1−z
)θ
, we have Re S(z) ≥ δ |S(z)| ≥ δ|1 − z|−θ when
Re z ≥ 0, giving (5.25), and (5.24) and (5.25) imply, since Reφ(z) ≥ 0:
|ψ(z)| = |w(φ(z))| ≤ exp(− δ|1− φ(z)|θ
)
≤ exp
(
− δ
2
|1− z|θ2
)
·
We now set:
(5.27) Φ(z1, z2) =
(
φ(z1), ψ(z1)h(z2)
)
,
with h a Rudin function.
Observe that φ ∈ A(D) and ψ = w ◦ φ ∈ A(D) as well (w ∈ A(D) with
w(1) = 0; this is due to the presence of the parameter θ < 1). hence if we
take for h a finite Blaschke product, the two components of Φ are in the bidisk
algebra A(D2).
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We have ‖ψ‖∞ := ρ < 1. In fact, for Reu ≥ 0, we have:∣∣∣∣1 + u1− u
∣∣∣∣ ≥ 2−θ|1 + u|θ ≥ 2−θ(1 +Reu)θ ≥ 2−θ ,
hence:
Re
[(
1 + u
1− u
)θ ]
≥
(
cos
θpi
2
) ∣∣∣∣1 + u1− u
∣∣∣∣
θ
≥
(
cos
θpi
2
)
2−θ = δ 2−θ ,
and ‖w ◦ φ‖∞ ≤ e2−θδ.
Now, 1) follows from the orthogonal model presented in Section 5.1, because
‖ψ‖∞ < 1.
The assertion 2) follows from [2], Theorem 3.1, since ‖φ‖∞ = 1.
We now prove 3).
As observed, CΦ can be viewed as a direct sum T =
⊕∞
k=0 Tk acting on a
Hilbertian sum H =
⊕∞
k=0Hk, where Tk acts on a copy Hk of H
2(D) with:
Tk =MψkCφ .
We fix the positive integer n. The rest of the proof will consist of three lemmas.
Lemma 5.13. We have ‖Tk‖ ≤ 2 ρ−k ≤ 2 ρ−n for k > n.
Proof. Indeed, since φ(0) = 1/2, we know that ‖Cφ‖ ≤
√
1+φ(0)
1−φ(0) =
√
3 ≤ 2, so
that ‖Tk‖ ≤ ‖ψk‖∞‖Cφ‖ ≤ ρ−k × 2.
Lemma 5.14. Set b = a/δ2 where a > 0 is given by e−a = 4C/
√
16C2 + 1
and C is as in (2.1). Let mk be the smallest integer such that k δ22mkθ
2 ≥ an;
namely:
(5.28) mk =
[
log(b n/k)
θ2 log 2
]
+ 1 ,
where [ . ] stands for the integer part. Then, with a′ = min(log 2, a):
anmk+1(Tk) . e
−a′n .
Proof. This follows from Theorem 2.3 applied with w = ψk, R = k δ2 and θ
changed into θ2. This is possible thanks to (5.26) and to Lemma 5.13. Moreover
we have adjusted mk so as to make the two terms in Theorem 2.3 of the same
order.
Lemma 5.15. The dimension d :=
∑n
k=0 nmk satisfies, for some positive con-
stant α:
d ≤ αn2 .
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Proof. Indeed, it is well-known that:
n∑
k=1
log k = n logn− n+O(logn) ,
and, in view of (5.28), we have mk ≤ α′θ log(b n/k) ≤ α′′θ (logn− log k); hence:
n∑
k=1
mk ≤ α′′θ
[
n logn− (n logn− n+O(logn))] = α′′θ n+O(logn) ,
and we get d ≤ α′′θ n2 +O(n logn) ≤ αθ n2.
Alternatively, we could have used a Riemann sum for the function log(1/x)
on (0, 1].
Finally, putting things together and using as well Proposition 5.3 withK = n
and nk = nmk + 1 so that (
∑n
k=0 nk) − n = (
∑n
k=0 nmk) + 1 = d + 1, we get
ignoring once more multiplicative constants:
an2(T ) . ad(T ) ≤ α e−βn
with positive constants α, β. This ends the proof of Theorem 5.12.
6 Monge-Ampère capacity and applications
6.1 Definition
Let K be a compact subset of Dm (in this section, for notational reasons,
we denote the dimension by m instead of d). The Monge-Ampère capacity of K
has been defined by Bedford and Taylor ([3]; see also [13], § 5 or [11], Chapter 1)
as:
Capm (K) = sup
{∫
K
(ddcu)m ; u ∈ PSH and 0 ≤ u ≤ 1
}
,
where PSH is the set of plurisubharmonic functions on Dm, ddc = 2i∂∂¯, and
(ddc)m = ddc ∧ · · · ∧ ddc (m times). When u ∈ PSH ∩ C2(Dm), we have:
(ddcu)m = 4mm! det
(
∂2u
∂zj∂z¯k
)
dV (z) ,
where dV (z) = (i/2)mdz1 ∧ dz¯1 ∧ · · · ∧ dzm ∧ dz¯m is the usual volume in Cm.
A more convenient formula (because Dm is bounded and hyperconvex: see [11],
p. 80, for the definition) is:
Capm (K) =
∫
K
(ddcu∗K)
m ,
where u∗K is called the extremal function of K and is the upper semi-continuous
regularization of:
uK = sup{v ∈ PSH ; v ≤ 0 and v ≤ −1 on K} ,
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but we will not need that.
As in [28], we set:
(6.1) τm(K) =
1
(2pi)m
Capm (K) .
For m = 1, τ(K) := τ1(K) is equal to the Green capacity Cap (K) of K with
respect to D, with the definition used in [21] (see [13], Theorem 8.1, where a
factor 2pi is introduced).
We further set:
(6.2) Γm(K) = exp
[
−
(
m!
τm(K)
)1/m]
·
We proved in [21] that, for m = 1, and ϕ : D→ rD, with 0 < r < 1, we have:
(6.3) β1(Cϕ) = Γ1
(
ϕ(D)
)
.
The goal of this section is to see that Theorem 5.12 shows that this no longer
holds for m = 2.
6.2 A seminal example
In one variable, our initial motivation had been the simple-minded example
ϕ(z) = rz, 0 < r < 1, for which Cϕ(zn) = rnzn, implying an(Cϕ) = rn−1 and
β1(Cϕ) = r. If K = ϕ(D) = D(0, r), we have Cap (K) = 1log 1/r and Γ1(K) = r,
so that β1(Cϕ) = Γ1(K). Let us examine the multivariate example (where
0 < rj < 1):
Φ(z1, z2, . . . , zm) = (r1z1, r2z2, . . . , rmzm).
If K = Φ(Dm), we have K =
∏m
k=1D(0, rk), and hence ([5], Theorem 3):
(6.4) τm(K) =
m∏
k=1
1
log(1/rk)
·
On the other hand, CΦ(z
n1
1 z
n2
2 · · · znmm ) = rn11 rn22 · · · rnmm zn11 zn22 · · · znmm so that
the sequence (an)n of approximation numbers of CΦ is the non-increasing rear-
rangement of the numbers rn11 r
n2
2 · · · rnmm . It is convenient to state the following
simple lemma.
Lemma 6.1. Let λ1, . . . , λm be positive numbers. Let NA be the number of m-
tuples of non-negative integers (n1, . . . , nm) such that
∑m
k=1 λknk ≤ A. Then,
as A→∞:
NA ∼ A
m
(λ1 · · ·λm)m! ·
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Indeed, just apply Karamata’s tauberian theorem (see [12] p. 30) to the
generalized Dirichlet series:
S(ε) :=
m∏
k=1
1
1− e−λkε =
∑
n1,...,nm≥0
e−(
∑m
k=1 λknk) ε ;
we have S(ε) ∼ ε−m(λ1···λm) as ε→ 0+.
Let now N be a positive integer and ε = aN . Setting λk = log(1/rk) and
A = log(1/ε), we see that N is the number of m-tuples (n1, . . . , nm) of non-
negative integers such that rn11 r
n2
2 · · · rnmm ≥ ε, i.e. such that
∑m
k=1 λknk ≤ A.
This number N is hence nothing but the number NA of the previous lemma, so
that:
N ∼ A
m
(λ1 · · ·λm)m! ·
Inverting this formula, we get:
aN (CΦ) = exp
[− (1 + o (1)) (m!(λ1λ2 · · ·λm)N)1/m]
and:
βm(CΦ) = exp
[− (m!λ1λ2 · · ·λm)1/m] = Γm(K) ,
in view of (6.2) and (6.4).
On the view of the simple-minded previous example, the extension of the
spectral radius formula (6.3) to the multivariate case holds, and it is tempting to
conjecture that this is a general phenomenon as in dimension one, all the more
as the following extension of Widom’s theorem was proved by Zakharyuta, based
on the solution by S. Nivoche of Zakharyuta’s conjecture ([23]); see also [28],
Theorem 5.4. A compact subset K of Dm is said to be regular if its extremal
function u∗K is continuous on D
m.
Theorem 6.2 ([28], Theorem 5.6). Let K be a regular compact subset of Dm
and J : H∞(Dm)→ C(K) the canonical injection; then the Kolmogorov numbers
dn(J) satisfy:
(6.5) lim
n→∞
[
dn(J)
]1/n1/m
= exp
[
−
(
m!
τm(K)
)1/m]
·
Note that the right side is nothing but Γm(K).
We will see consequences of this result in a forthcoming paper ([22]).
6.3 Upper bound
For the upper bound, the situation behaves better, as stated in the following
theorem.
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Theorem 6.3 ([28], Proposition 6.1). Let K be a compact subset of Dm with
non-void interior. Then:
(6.6) lim sup
n→∞
[
dn(J)
]1/n1/m ≤ exp[− ( m!
τm(K)
)1/m]
.
Note that (K,Dm) is a condenser since K has non-void interior. We deduce
the following upper bound.
Theorem 6.4. Let Φ be an analytic self-map of Dm with ‖Φ‖∞ = ρ < 1, thus
inducing a compact composition operator on H2(Dm). Then we have:
β+m(CΦ) ≤ Γm
(
Φ(Dm)
)
.
Proof. This proof provides in particular a simplification of that given in [21] in
dimension m = 1.
Changing n into nm, Theorem 6.3 means that for every ε > 0, there exists
an (nm − 1)-dimensional subspace V of C(K) such that, for any g ∈ H∞(Dm),
there exists h ∈ V such that:
(6.7) ‖g − h‖C(K) ≤ Cε(1 + ε)n
[
Γm(K)
]n‖g‖∞ .
Let l be an integer to be adjusted later, and f(z) =
∑
α bαz
α ∈ BH2 , as well
as g(z) =
∑
|α|≤l bαz
α. We first note that (with Mm depending only on m and
ρ, and since the number of α’s such that |α| ≤ p is O(pm)):
∑
|α|>l
ρ2|α| ≤Mm
∑
p>l
pm ρ2p ≤Mmlm ρ
2l
(1 − ρ2)m+1 ·
We next observe that, by the Cauchy-Schwarz and Parseval inequalities:
(6.8) ‖g‖∞ ≤Mm lm/2 ,
and
(6.9) |f(z)− g(z)| ≤Mm lm/2 |z|
l
∞
(1− |z|2∞)(m+1)/2
, ∀z ∈ Dm .
where |z|∞ := maxj≤m |zj | if z = (z1, . . . , zm).
The subspace F formed by functions v ◦ Φ, for v ∈ V , can be viewed as a
subspace of L∞(Tm) ⊆ L2(Tm) with respect to the Haar measure of Tm, the
distinguished boundary of Dm (indeed, we can write (v ◦Φ)∗ = v ◦Φ∗, where Φ∗
denotes the almost everywhere existing radial limits of Φ(rz), which belong to
K). Let finally E = P (F ) ⊆ H2(Dm) where P : L2(Tm)→ H2(Tm) = H2(Dm)
is the orthogonal projection. This is a subspace of H2 with dimension < nm.
Set temporarily η = Cε(1 + ε)n
[
Γm(K)
]n
. It follows from (6.7) and (6.8) that,
for some h ∈ V :
‖g − h‖C(K) ≤ η ‖g‖∞ ≤ ηMm lm/2
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and hence:
‖g ◦ Φ− h ◦ Φ‖2 ≤ ‖g ◦ Φ− h ◦ Φ‖∞ ≤ ηMm lm/2 ,
implying by orthogonal projection:
dist (CΦg, E) ≤ ‖g ◦ Φ− P (h ◦ Φ)‖2 ≤ ηMm lm/2 .
Now, since CΦf(z)− CΦg(z) = f
(
Φ(z)
)− g(Φ(z)), (6.9) gives:
‖CΦf − CΦg‖2 ≤ ‖CΦf − CΦg‖∞ ≤Mm lm/2 ρ
l
(1− ρ2)(m+1)/2
and hence:
dist (CΦf, E) ≤Mm lm/2
(
ρl
(1 − ρ2)(m+1)/2 + Cε(1 + ε)
n
[
Γm(K)
]n)
.
It ensues, since aN (CΦ) = dN (CΦ), that:
[
anm(CΦ)
]1/n ≤ (Mm lm/2)1/n
[
ρl/n
(1− ρ2)(m+1)/2n + C
1/n
ε (1 + ε) Γm(K)
]
.
Taking now for l the integer part of n logn, and passing to the upper limit as
n→∞, we obtain (since l/n→∞ and (log l)/n→ 0):
β+m(CΦ) ≤ (1 + ε) Γm(K) ,
and Theorem 6.4 follows.
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